Recirculation of input data in frequency-domain
adaptive filtering

Filtrage adaptatif dans le domaine de fréquence
par récirculation de données d’entrée
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McMaster University, Hamilton, -Ontario.

The recirculation of the input data is proposed in the application of frequency-domain adaptive filtering when the supply of input data is limited. An
analysis of the performance of such an algorithm is presented and it indicates that superior performance can be achieved. Examples of its applications
in adaptive filtering confirm the results of analysis and demonstrate the effectiveness of the proposed algorithm.

En filtrage ad ~tatif dans le domaine de fréquence, lorsque le nombre des données est limité, on propose un algorithme basé sur la récirculation de
données d’enuice. On présente une analyse de la performance d’un tel algorithme et démontre que I’on peu obtenir une performance améliorée. On
donne des exemples d’application en filtrage adaptatif qui confirment les résultats d’analyse et qui démontrent I'efficacité de I'algorithme

Pproposé.

Introduction

In many engineering applications, adaptive filters are essential.
Such applications include array processing, noise and echo
cancellation, statistical estimation, and channel equalization in
data communication systems. Traditionally, an adaptive filter is
implemented as a tapped delay line so that the output is the sum of
the weighted input samples. The values of the tap weights are
adjusted by a recursive algorithm — most commonly the least mean
square (LMS) algorithm. An adaptive filter of the type described
above s called a time-domain adaptive filter since the adjustment of
its tap weights is based on the sample values in the time-domain. In
time-domain adaptive filtering, the analysis involved in computing
the statistics of weight misadjustment can be complicated when the
desired signal and the input to the filter are highly correlated.

On the other hand, adaptive filtering can adopt a frequency-
domain approach such that the computationally efficient fast
Fourier transform (FFT) algorithm is used. The FFT algorithm
transforms the input signal into the frequency domain and then
performs the optimization of the tap weights for each frequency bin
separately. Implementation of the LMS algorithm in the frequen-
cy-domain can give significant reductions in computation over the
conventional time domain. Furthermore, under certain conditions,
both the mean and the variance of the top weights of the frequency
domain adaptive filter can be obtained relatively simply allowing
statistical analysis to be performed"s, and can often be used to
predict the performance of time-domain adaptive filtering.2

In this paper, we introduce the recirculation of the input data in
adaptive filtering the study and analysis of which are carried out
in the frequency domain for the reasons stated above.

The method of recirculating the data is similar to the approach
discussed in References 10-12, where the on-line algorithm or
the adaptive algorithm is applied with off-line or batch data to the
identification problem. The advantages for using such an adaptive
algorithm for batch data are:

e If one already has recursive software available, it may be more
expensive to develop batch software than to use the available
software.

o The cost function minimum can sometimes be found faster with a
recursive algorithm. If the recursive estimates from one pass are

close to the minimum, then the initial conditions for the next pass
(being close to the minimum) will essentially bring the estimate to
the minimum.

e The recursive algorithms can be used to detect non-stationarities
in the data and the system properties.

In the LMS adaptation algorithms, the modes of the adaptive
process converge at different rates such that the rate of each mode is
determined by the associated eigenvalues of the input autocorrela-
tion matrix. For a large disparity of eigenvalues, in order to keep the
algorithms stable, the LMS adaptive process may converge slowly,
and the algorithm suggested by Ogue et. al'* will be useful in this
case.

However, in this paper, we focus on the effects of the recirculating
data in the adaptive algorithm via the frequency-domain imple-
mentation. Furthermore, in our application to broadband noise
cancellation problems, we consider cases when noise power is much
higher than signal power: Thus, the power spectrum does not vary
much with frequency, which results in autocorrelation matrix
eigenvalues of similar magnitudes. Also, the convergence rates in
different modes are close. Therefore, the other algorithms which are-
suitable when large eigenvalue disparity exists are not discussed
here but may be examined in references 13-16.

We first briefly review the frequency-domain adaptive filtering
algorithm. The circular convolution frequency-domain adaptive
filter, illustrated in Figure 1, is different from the conventional
time-domain filter in that the input signal is processed in blocks.
The input signal {x(/)} is sectioned into M signal vectors each
consisting of N data samples such that the mth input signal vector is
given by

X = [x(mMN)x(mN + 1) ...x(mN + N — D7 1))

An N-point FFT of this signal vector is achieved yielding N
frequency samples, X;(m), k = 0, ..., N — 1, where
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Each of these frequency samples is then multiplied by a tap
weight W, (m) to produce an output frequency sample Y (m). An
N-point IFFT is then performed on these frequency samples to
obtain the output vector y,, so that

VYm = W(mN)y(mN + 1)...y(mN + N — D" A3)

where
1 "G s

y(mN + n) = 5 g Y me' Nk n=0,.... N—1
with

Ye(m) = Wi(m)X,(m) &)

If the mth desired signal vector is d,, such that

d,, = [dmN)d(mN + 1)...d(mN + N — DT ©)
and its kth frequency sample is given by

N—1 o
Dy(m) = 2 d(mN + nye™ N7 ™

The object of frequency-domain adaptive filtering is to adjust the
tap weights W, (m) so that mean square error €, is minimised
where

& = |Em)? = |Dm) — Ym)P ®

[—j denotes the ensemble average. The tap weight, W;(m), for each

frequency sample is. adjusted according to the steepest descent
algorithm®’
Wim + 1) = Wi(m) + pE(mXi(m),0=m=M -1 (9

where * denotes the complex conjugate, until a minimum € is
reached.
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signal samples to converge to the state of minimum mean square error
and, therefore, may not operate in its optimum state. In order to
improve on this situation, an algorithm is proposed in next section
that offers a limited supply of signal samples recirculated to the
adaptive filter so that further adjustment of tap weights can be carried
out. It is found that the use of this algorithm significantly improves
the performance of the adaptive filter. An analysis of the effects of the
signal recirculation is presented and confirmed by computer
simulation. The performances of the adaptive filters with and without
signal recirculation are then compared and the results presented.

Recirculation of input data in frequency-domain adaptive filtering

To facilitate our analysis, we assume that the frequency-domain
adaptive filtering is employed in an environment such that the desired
signal vector d,,, and the input signal vector x,, contain a signal vector
s, buried in statistically independent white noise. Thus, the kth
frequency component of d,, and x,, are given by

Di(m) = a4Si(m) + Ny(m)

Xi(m) = Si(m) + Ny(m) (10)
where a; is a complex coefficient. This situation arises very often in
signal processing especially in problems concerning noise cancella-
tion and time-delay estimation.

Furthermore, we assume that the frequency components of both
sequences d,, d,, and x,,, are zero-mean, white complex circular Gaussian
processes.? This means that the signal and noise in the kth frequency
components are related by the following equations

[SMSHM] = 2By k=0,...,N—1
BdmSiml =0 Vm, n (11a)
INa(mIN 3] = 28, (=12

[NWmN3m)] = 0 (11b)

where a7 is the signal power in the kth bin of the FFT of the signal;

v is the noise power in every frequency component (white noise);
and §,,,, is the Kronecker delta. The assumption of signal and noise
properties in Equation (11) is valid in broad-band noise cancellation
and in time-delay estimation when the number of Ume-delay samples
is small compared to the order of the FFT employed.’

"The configuration of a frequency-domain adaptive filter having
the ability of recirculation of input data is shown in Figure 2.
This configuration is similar to a simple circular convolution
frequency-domain adaptive filter. The additional features are the
delay elements which carry out the function of storing the signals

Figure 1: An adaptive filter in the frequency domain.

The circular convolution frequency-domain adaptive filter
described above can be employed in many cases in which the
time-domain adaptive filter is applicable. In this paper, we consider
the special case of applying it to signal processing cases where the
number of input signal samples available is often limited. Under such
circumstances, the adaptive filter may not have sufficient supply of

COMPLEX
ADAPTIVE

WEIGHTS
=53
N=POINT
5 | NPT > 1 .| &
INPUT . E | FFT
FFT outPuT
3
: Eu-n
M
N=POINT
¢ .
DESIRED g
QUTPUT FFT

Figure 2: A frequency-domain adaptive filter with innut recireulatiom fanilie.
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X,(m) and Dy (m). These delays must be at least of length MN samples
so as to allow all the input signal samples to be processed first before
the next recirculation begins. With this extra facility, the notations for
the output signal vector, the error vector, and the tap weights
of the adaptive filter have to be slightly modified. We let:

Wi( p, m) be the kth complex tap weight for the mth N-point signal
block;

Y(p, m) be the kth output sampie for the mth N-point signal
block;

E,(p, m) be the kth error sample for the mth N-point signal
block;

where p denotes the number of times the input data have been
recirculated. Thus, for a simple frequency-domain adaptive filter with
no recirculation of input data, p = 0. The procedure of steepest
descent is again used for updating the tap weights,

Wip.m + 1) = W(p, m
+ pE(p, mMXim) m=0,1,....M—1 (12

Note that

W(p + 1,0) = Wilp, M) 13

Also, since X,(m) and Di(m) are the recirculated signals, they are
independent of p.

Since
El(p, m) = D(m) — Y p, m)
= Dim) — Wi(p, mX(m) (14)
Equation (13) can be rewritten as
Wip,m + 1)
= Wi(p, ml1 — pXi(m)P] + pD(m)XZ(m)  (15)

which is a first order difference equation. The solution of which can be
written as

Wi(p.m + 1) = Wi(p, 0)1_10{1 — WX

+ 1 2 DAHXE) ,Hl 0 — wWX®OA
;=0

1A
= Wi(p, OMu(m) + Biom  (16)
where
Am = TT 1 = ixaor) (172)
and
S i (17b)

Bym) = p 2 D(HXi) I 11— Wx@P
=0 1=j+1

Now, if we start the tap weights at zero value, i.e. W;(0,0) = 0, then at
the beginning of the first recirculation, we have from Equations (13)
and (16),

Wi(1, 0) = WO, M) = B(M — 1)
and at the end of the first recirculation, we have
W1, My = B{(M — DAM — 1) + BM — 1)
= B(M — Dl + AM — 1)]

Again, using Equations (13) and (16) and continuing the recursive
relationship, we have, at the end of the pth recirculation of input
data,

P
Wi(p, M) = 2 B(M — DANM — 1) (18)
n=0

Since Dy(m) and X;(m) are random variables, A,(M — 1) and
B;(M — 1) are also random variables. However, they are correlated.
In order to compute for the mean and mean-square values of the tap
weights, it is necessary to separate A,(M — 1) and B(M — 1) into
their correlated and uncorrelated parts. From Equations (17a)
and (17b),

ByM — DAM — 1)

M—1

M—1
= {u > bupnxion IT n - MIXk(l)Izl}
j=0 [=j+1

M—1
{ IIno- ulxk(i)lzl"}

i=0

M—1
= 20 pDUNXEGNT — WXe()PY
f=

j—1 M—1
II0 - wxoPr 11 0 — Wx@Prt'  19a)
i=0 I=j+1
M- j—1 M—1
= {ek(j,n)H oG, 11 ¥, n)} (19b)
Jj=0 i=0 I1=j+1
where
O,(j, ) = pDUNXIONT — WX(HPY (20a)
(i, n) = [1 — X)) (20b)
and
Vil n) = [1 — pX P! (20c)

Now, 0,(/, n), ®,(i, n) and ¥,(/, n) are uncorrelated since they con-
tain input signals from different blocks. Therefore,

—_— 14
(Wi(p, M)] = go [BM — DAYM — 1)]

M-

p M—1 j—1
=2 {2 (0.0, M) I:% [, n)]IIL ¥/, n)]} @1

n=0 \ ;=0 =j
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It can be shown (See Appendix I) that

(64U M) = peyog {1 — 2mu(o?, + o2} (22a)

(@i, 1] =~ 1 — nu(oy, + o2) (22b)
and

[ M) = 1 — (n + Dploz, + o%) (22¢)

where 0%, and ¢*  are the values of the signal and noise power in the
kth frequency component. From Equations (22), we see that the value
of [Wi(p, M)] is a function of wo’s, + o%). To simplify the
notations, we define the normalized step size fi; as

i = Most + of) 23)
It is generally chosen such that iy < 1. Using this condition and

substituting Equations (22) into Equation (21), the mean of the kth
tap weight can be expressed as (see Appendix I)

oy

4
(% + ok)

Wi(p, M) =~ [1— {1 —(p+ DM

Equation (24) gives the mean value of the kth tap weight. It is clear
that if there is a large number of data blocks (i.e., if M — o), then the
final mean value of the kth tap weight is given by

8%
(% + o}

lim

Wkoo:M

Wi(p, M) = @5

which is reminiscent of the optimum Wiener solution. Thus, if we
have a large number of data blocks, there is no necessity to recirculate
the input data. However, if the number of data blocks is limited, it can
be deduced from Equation (24) that by recirculating the input (i.e.,
p > 0), the mean value of the tap weight will be closer to the final
optimum value.

To find the mean square of the tap weight, we use Equation (18).
After simplification, we obtain (see Appendix 2)

IWi(p, M = Ci(p, M — 1)
+ Cox(p, M — 1) + Coy(p, M — 1) (26)

where

— - 2 |ak|2 -1
Ciup, M — 1) =~} Wil + | ——— | Wio + 1

Qe

N | o=

M+2
[0 -2+ )

P
+2 2 {1 — g}t
n=1
—(-(p+n+ l)ﬂk}M“] @7

-621((17’ M — ]) = Z'31((179 M - 1)

=~

Wi 1 — 21 — (p + DM ™

[ S

+{-2p + DEJMTY (29)

Again, for a large number of data blocks

lim |W(p, M)?
M—o0

loy 2 — 1

7%

1

The last term in Equation (29) is the square of the mean of the
tap weight for a large number of data blocks. The first term is
the variance which is proportional to the normalized step size
. The smaller is fi;, the smaller is the variance.

The mean-square error for the frequency-domain adaptive filter
having the input data recirculated p times can be simply evaluated as
follows:

& = |Di(m) — Yi(p, m)P

= |y Si(m) — Wi p, m)Sum)P* + |Ny(m)P

+ [W(p. MNy(m)?  (30)
Using Equation (11), we can write
& = ag llay — Wp, M)A
+ oy [1 + IWp, MF (1)

Substituting the values of W(p, M) and |W,(p, M)|* from Equa-
tions (24) and (26) respectively into Equation (31), the value of the
mean-square error after recirculating the input data p times can
be evaluated. Note that if p = 0, the values of W;(0, M) and

|W,(0, M)? can be more accurately obtained by using Equations
(A.10) and (A.24) respectively in Appendices 1 and 2. Again, if there is
alarge number of data blocks (i.e., for M — 00), then the mean-square
error becomes

& = lim cﬁ = e,zm»n + € (32)

M—co
where

2 _ ol (33)

fmin oN[(Ozsvc + 0}) 1]
[ leylod 2 T

= Bl %% -1 +1 (34)

2 [(62& o T TR ]

min is a constant for given values of a;, signal and noise
power. €, represents the lower bound of the mean-square error
when the frequency-domain adaptive filter is applied to the input
signal and noise characterized by Equation (11). On the other hand, €
is a non-negative quantity dependent on fi;. In theory, if we have
an infinite amount of input data, we can reduce the mean-square
error arbitrarily close to the lower bound by choosing a very small
. For limited supply of data, however, the dependence of &p
on W (p, M) and |W(p, M)} means that by recirculating the
input signal, the mean-square error will be reduced further. As a
comparison of the recirculating algorithms with various values of p,
we plot the normalized step-size fi; against the relative mean-square
error e, which is defined as
22
2 _ % T &min  _ (35
€ Rp — 5 , P = 0, l, e

€min
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where € is the minimum mean-square error given by Equation
(33), and szl,, the mean-square error of the filter having the in-
put data recirculated p times, is given by Equation (31). The results are
shown in Figure 3, where M, the number of blocks, is taken to be 160,
and the signal-to-noise ratio is selected at —5 dB. The range of values
of [, is chosen so that J, < 1, an assumption necessary to arrive at
Equation (31).

SNR=—5 dB
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NN S
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1 llllll
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0.008 L L
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Normalized Gain of Step—Size

e Itis observed that the optimum normalized step-size fi,,, decreases
as p increases. Furthermore, the optimum normalized step-size
obeys approximately the relationship that
(p + Dy = 124 X 1072 (36)

This again is intuitively reasonable because recirculating the input

data several times is analogous to having larger supply

of input data for which a smaller fi, yields smaller error.

Simulation and comparison of performances

To evaluate the performance of the new algorithm of recirculat-
ing input data, and to compare it with the normal circular
convolution frequency-domain adaptive filtering, a computer
program was written to simulate the two methods. The simula-
tion program can essentially be represented by the block diagram
shown in Figure 4.

FREQUENCY =
SIGNAL LINEAR DOMAIN Ym
. I
GENERATOR CHANNEL AbapTive ouTPUT
FILTER

NOISE
GENERATOR]

Figure 3: Comparison of performances of adaptive filters with various number of input
recirculations.

The graphs for various values of p exhibit common characteris-
tics:

e For the same value of fi, czkp < (zRq for p > g. This result is
obvious from Equations (24), (26) and (31) where it can be observed
that €, decreases with p.

e Each of the curves decreases as Ji increases until a minimum value
of € Ry is reached. Then the relative mean-square error increases
again beyond this minimum. This result is reasonable because a
very small normalized step size i, will take a long time (i.e., a large
amount of data) to converge to the minimum error. For a limited
supply of input data (M = 160 in this case), a larger i, will yield
smaller error. However, a normalized step-size fi; too large will
yield larger error again since the adjustment will then be too coarse.
The optimum normalized step-sizes &, for various values of p
in this particular case are shown in Table 1. The corresponding
values of € Rp are also tabulated.

Table 1

Optimum normalized step-size for different values of p

~ 74
P Hopt €Rp
0 0.0108 8.044 X 1073
1 0.0063 7:023:5¢. 102
2 0.0044 6.756 X 1073
3 0.0035 6.647 X 1073

Figure 4: Block diagram for computer simulation.

The signal generator produces a discrete circular Gaussian
process, the Fourier transform of which obeys Equation (11a). This
signal is separated into two branches. The lower branch carries
the signal {s} which encounters additive circular Gaussian noise
{n,} generated by a noise-generating subroutine. This mixture of
signal and noise represents the desired signal sequence {d}. The
upper branch passes the generated signal through a linear channel
and then a circular Gaussian noise sequence {n,} is added. This
represents the received signal sequence {x}.

The frequency-domain adaptive filters with and without input
sample recirculation are simulated according to Figures 1 and 2
respectively. In our simulation, both the adaptive filters utilise an
FFT of 32 points (i.e. N = 32) and both use the complex LMS
algorithm developed by Widrow et al.” The comparison of
performances is carried out between the adaptive filter without
input sample recirculation and the adaptive filter which recirculates
the input samples once only. With m blocks of input data, the filter
without recirculation facility would have m iterations of adjusting
the tap-weights. The mean-square error, e2o(m) which is a function
of m, is evaluated. The relative mean-square error, €>go(m) defined
in Equation (35) for p = 0 is then calculated.

Now, with the same m blocks of input data, the performance of
the adaptive filter with the facility of recirculating the input data
once is tested. This is equivalent to having a normal frequency-do-
main adaptive filter with no recirculation facility but having the
same m blocks of input data twice. Again the mean-square error
€2,(m) and the relative mean-square error € r1(m) are calculated.
The values of €2go(m) and € g,(m) are plotted for various values of
m. These theoretical mean-square errors for the two filters are also
plotted for comparison. The following examples will illustrate the
comparison of the performances of the two filters.

Example 1
In this example we choose the linear channel shown in Figure 4 to
be a pure delay, i.e., the desired and received signals are respectively

Authorized licensed use limited to: Tamkang Univ.. Downloaded on April 18,2023 at 08:13:02 UTC from IEEE Xplore. Restrictions apply.



CHERN/WONG: ADAPTIVE FILTERING 95

given by
d(n) = s(n) + m(n)
x(n) = s(n — vo) + ny(n)

where ) is a constant. The variance of s(n) is chosen to be unity
and the signal-to-noise ratio at the input of the filter is 9.55 dB so
that the variances of n)(n) and n,(n) are each equal to 0.1109. The
total data length used for simulation is 4800 samples and is divided
into 150 blocks each having 32 samples. These blocks are processed
by the frequency-domain adaptive filter. For every m blocks of data
the relative mean-square errors € go(m) and €2g;(m) are evaluated
and are plotted in Figure 5. Also shown in Figure 5 are the
theoretical values of these relative mean-square errors. It can be
seen that the mean-square errors from simulation agree closely with
their theoretical counterparts.

Theoretical

—:  Simulation

SNR=10 dB

Ai=0.01

Relatlve Mean Square Error

Number of Blocks

Figure 5: Comparison of performances for the adaptive filters in example 1.

Other examples were tested, and it was observed that the relative
mean-square errors from simulations are in very close agreement
with their theoretical values. Thus, in order to depict the
comparison of the performances of the two filters so that curves of
very close values are avoided, only the theoretical values of the
relative mean-square errors are plotted. Note that, the relative
mean-square error defined in Equation (35) is the ratio of the
difference of the mean-square error and the minimum MSE. This
means that in both the recirculation and without recirculation
adaptive filtering algorithms we compared the results with the
reminiscent frequency-domain optimum Wiener solution. Since
the Dentino-type frequency-domain adaptive algorithm we consid-
ered is not the direct realization of the conventional time domain
LMS algorithm, the reminiscent frequency-domain optimum
solution is not necessarily equal to the time-domain Wiener
solution. This implies that the minimum mean-square error in the
time domain is, in general, not equal to the Dentino-type
frequency-domain minimum mean-square error. To match the
assumptions we made in Equations (11) for the frequency-domain
algorithm, the signals and noises in time domain were assumed to be
white Gaussian random processes which results in similar values of
the minimum MSE for both time domain and frequency-domain
algorithms.

Example 2

In this example, the signal model and channel model are chosen
to be identical to those in Example 1. The purpose here is to show
the effect of step-size on the relative mean-square error. We
illustrate two cases, the first has a high signal-to-noise ratio of 10dB,
and the second has a low signal-to-noise ratio of —5 dB. In each
case we use normalized step-size Ji; of 0.01,0.0025 and 0.001; and in
each case we compare the adaptive filter without recirculation of

input data to that with input data recirculated once. The results are
shown in Figures 6 and 7 for the high and low signal-to-noise ratio
respectively. The scale of relative mean-square error in Figure 6 is of
two orders higher than that in Figure 7. This is because the noise
power is the same in both cases whereas the signal-to-noise ratios
are vastly different. However, since the desired signal Dy(n) consists
of noise of equal power, the minimum mean-square errors €, in
both cases would be of similar order as shown in Equation (33).
Indeed, the minimum mean-square errors are 1.91 and 1.24
respectively for the high and the low signal-to-noise ratio cases. In
all cases, as observed from Figures 6 and 7, recirculating input data
results in significant performance improvement.

8.000
L F=ol
——  j =-0025
. “
g —_—— F=.ool
w
o
H SNR= 1048
3
4
(]
[
]
© 2o
b3 ~.
~_

$ "~
v ~..
o ~..
: ~. T

~. ~--

~. T Tee—
~ S~
~_ \__\“\_
e L oty
480 ss0 es0 780 880 980
Number of Blocks

Figure 6: Comparison of performances for the adaptive filters in example 2.

o.08
/‘:: of
—— ji 3 003§
L ——-— gz 001
0 /
-
w
= -5
° SNR = -54dB
e
o
3
o
n
c
0
]
b3
°
>
v
]
2 ~.
o S~
© \--\___‘
—
L T 1 1
780 .80 es0
Number of Blocks

Figure 7: Comparison of performances for the adaptive filters in example 2.

Conclusion

In this paper we have introduced an algorithm of recirculating
input data to a frequency-domain adaptive filter. In employing this
new algorithm to a situation often encountered in noise cancellation
and time-delay estimation, we have developed an analysis which
expresses the mean-square error of the filter as a function of p, the
number of data recirculation, and M, the number of data blocks
available, for given values of signal power, noise power, and
step-size of tap adjustment. This analysis is confirmed by computer
simulation. In all test cases, there is significant improvement of the
adaptive filter performance in terms of mean-square error by
recirculating the input data.

In the cases where the number of data blocks is relatively small,
recirculating the input data once almost invariably reduces the
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relative mean-square error to half of that yielded by the filter  x "

without data recirculation. Further recirculation of the data (i.e., [2mZm2 - - - ZmizmZny =~ 2]

p =2), however, results in less dramatic improvements. Figure 8

shows the relative mean-square errors for different number, p, of

data recirculation. Here, we have chosen that =2 a2 ma@2n2) - - - Comnzn) — (A2)
T

(p+ HE =124 %1072 )
where 7 is a permutation of the set of integers {1, 2,...,/}.

If we let
The reason for this has been stated in Observation 3 for Figure 3

where the optimum normalized step-size obeys Equation (36). Once
this relationship is satisfied, we are ensured that an optimum
normalized step-size is chosen. Furthermore, in the development of Zp2 = Zw3 = .. = Zpgr = Xi(J)
Equations (A-9), (A-20), (A-21), and (A-22), we have assumed that

the normalized step-size is very much less than unity. Equation (36)
again ensures this condition to be satisfied.

Zml = Dk(])~

L J— L J— — * — L AN
Znl = Zp2 = --- T Zng+1l — Xk(./)

then, using Equation (A.2) and noting that there are (/ + 1)!

The asymptotic value reached by having large value of p in Figure  permutations among the / + 1 random variables, we have

8 is not necessarily the minimum mean-square error. The minimum
mean-square error is achieved only if M is sufficiently large. If the
number of data blocks, M, is not large, then the amount of
information that can be extracted is limited. To exhaust the amount
of available information, we recirculate the samples several times so = (I + DYD)XIN} {(XDHXFD)Y  (A3)
that the asymptotic value of mean-square error in Figure 8 is

reached. In practical applications of adaptive filtering, the supply of ~ But from Equations (10) and (11),

input data is often limited. It is in such cases that the algorithm

(DN XEONXDXEO)OT)

of recirculation of input data becomes attractive. {D(NHXEN) = ak“ék
o o 2 2
{Xu(NXH()} = o + oy (A4
Therefore, substituting Equations (A.3) and (A.4) in Equation
L " (A.1), we obtain
§ JpHD) = 1,26 x 10
L\J M = 160 n
P — n
£ 0 o 0=0n) = 2 ([)(-1)/#’“(1 + Dlegodi(ofy + o3
S =0
()
§ T ~ pogogyl — 2npog, + o)l (AL5)
$ L
g0 where we have made the assumption that p(og> + ox%) < 1.
4 Similarly, we can write,
['4
I @i, n) = {1 — pX(DFY"
0.008 . R | s
1. 10. 100. n n 2/
Number of Re—circutation (p) — 2 (1)(_1)/M/|Xk(i)|

=0

Figure 8: Comparison of performance for the adaptive filter with different number of
recirculation.

n
= 3 (") -k + R =1 el + ) (A6
Appendix 1 w

Here we present the evaluation of the values of ©,(j, n), ®,(j, n) and
and ¥,(/, n). Using Equation (20a), we have, PN s
an +(/, n). Using Equation (20a), we have Vol n) = (1 — #IXk(l)lz}"H

0.(j. n) = {pDUHXIOIT — pXe()IP")
~1—(n+ Oor +0%) (A7)

n 2 .
— T nY ; ]} To evaluate the expected value of the tap-weight at the end of the
{“Dk(j X)) ,go (1 )( DX )ll recirculation of input data, we substituted Equations (A.5-A.7) into
Equation (21), so that
S (7 [ 1+1 S . Y Wip, M) = é ME_] ( o [1— 2np,(o2 + 02)]
= 2\ )0 DODXEDIXDXIONY A Wp, 2 & e skt oN

. - . . ~ M=1

To find the average value of the terms inside the braces in Equation = 2 2 2 2
(A.1) we use the result of the moment theorem for a complex, E) {1 — nulog + op)} /Hl {1 = (n + Dplog, + o)}
zero-mean, circular Gaussian process® which states that: !

I
- are s _ i i _ 2 2 2
If z,, are samples from a zero-mean, complex circular Gaussian => pogo [l — 2np(og, + o)l

process, then n=0
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§) {1 — nuoly + oR)Y {1 — (n + Doy + o2} 17

= 2 poyog[1 —

n=0

= |BM — 1)}

2

W —1) (A.11)

2np(o§k + oi,)]{l - np,(o_zgk + o%,)}M—l Now, from Equation (17b)

M=1 M—1

5S) [1 — (1 + Doy + oR)|M1 BM — DP = X 2
/=0 1 — np(ok + o3)

D)D) XK Xi(J)
i=0 j=0

M—-1 M-I 2 2
II II (1 - WXl {1 — wXom)
= > ;uxkoék[l - 2np(o§k + oi,)][l - np(ogk + o,z\,)]M_I I=i+1 m=j+1 { XD , }]
n=0
=M — D) +TyM — 1) + DM — 1) (A12)
1 = (n + Dlost + oR) |M
| — nuost + oR) where
1 = (n + Dplost + 02,,)] TW(M — 1)
1 — nos} + o}) o
. =@ 2 [ID)Pxof I ¢ - ulxka))z}z] (A13)
j=0 [=j+1
Wi(p. My = $ -—“@[1 — ol + 02)]
R n=0 (Uék + 0%/) Sk N I‘2k(Al - l)
M—1i—1 M—1 M-—1
{11 — ol + o2 =@ 2 2 |DopinxioxG) 11 11
i=0 ;=0 I=i+1 m=j+1
—[1 = (n + Dol + M) (AS8) {1 — pxu O} — uIXk(m)lz}] (A.14)
NOW ]J(O'g/\ + Oy ) < l I‘}k(M_ l)
Therefore,
M—1i—1 M-1 M-I
=@ 2 2 i H XXk 1T 11
Wi(p. M) ~ L Z 1 — nu(o%, + o2)F i=0 ;=0 15 m=j
(0% + oF) n=0 Sk N
{1 — WX OP1 — ulxk<m)lz}] (A.15)
{1 — nuo, + o™ — 1 — (n + Do, + o2)1M}

Therefore,
ay oSk

_ M+2
=" "20 {1 — np(oly + o)l

IWilp, M) = [Ti(M — 1) + DM — 1) + Iy(M — 1)

p 2
2 AWM -1
—[1 = (n + Doy + ot

n=0
, =Culp, M — 1) + Cu(p, M — 1)
a0
= Sl — L= (p + DR} (A9)
(o5, + oy) _
+ Cy(p, M — 1) (A.16)
Note: if p = 0, then W (p, M) can be evaluated direct from here
Equation (A.8) and the last step of approximation in Equation (A.9)
can be bypassed yielding
Ci(p. M — 1) = T\(M > UM~ 1>|
W0, M) =~ — oSk Sl = (- EM) (A.10)
o5 + oy
Appendix 2 Cul(p M ~ 1) = T(M —'1) HEOAZ(M - ‘>|
Here we present the evaluation of the mean-square value of the
tap weight. From Equation (18), we have

and

Wi(p. M) = 2 By(M — DAYM — 1)

n=0

2
Cul(p, M = 1) = T(M — 1)| 2 AM — 1)‘ (A.17)
n=0
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Now, Culp, M — 1)
Ci(ps M — 1) lo 0%, M+4
~ K Sk 1 — —(p + D
TR )2[1 2{1 = (p + Diik}
PP T
= [ruot - 1 2 S g — vazo - )] O = Ap ORI (A2

Since, Equations (A.12) and (A.13) are symmetric, then

M M Culp M — 1) = Cu(p, M — 1) (a.23)
= | 2 AP I {1 - mxka)lzlzl _

J=0 I=j+1 If p = 0, then |Wj(0, M) can be evaluated direct from Equation
(A.16) without going through the last step of approximation. This

p p M-l 5 M- 5 v gives
[,,% 2 0 - wxory I 0 - uxe }] A1) 0, M) = [TM — 1) + TpeM — 1) + DM — )]
. 2 24
o lagl“o
. :&{1"'("’%'2_1‘)2 o 5,32}
Using the same technique as in Equation (19), we can separate 2 (05 + on) (o5 + oy)
Equation (A.15) into correlated and uncorrelated parts as that
Culp, M~ 1) (=R~ — (4 = 2 + 2™
&, & M 24
=w 2 2 3 D)X = WX b Jaulos ) gy
=D VED T (oék + o%,)
=1 M=1
_ 12ty _ 2qn+v+2 - - - »
g (1 = WX A:I,IH [1 — uXMI) (A19) (A =28 — (1 — B + (1 — 25 + 2D (A29)
Using the moment theorem and the condition that (n + v)u
(0%sx + 0%x) < 1, we have, after simplifying,
S " 22 2 lak|20§k Referen
Ciu(p, M — 1) == laylog, + oy + 55— eferences
2 (05, + on)

1. Dentino, M., McCool, J. and Widrow, B., “Adaptive filtering in the
frequency-domain,” Proc. IEEE, Vol. 66, pp. 1658-1659, Dec., 1978.
2. Bershad, N.J. and Feintuch, P.L., “Analysis of the frequency-domain adaptive
2 3 M+2 filter,” Proc. IEEE, Vol. 67, pp. 1658-1659, Dec., 1979.
{1 =1 —2p + Dwog, + ox))" )} 3. Reed, F.A. and Feintuch, P.L., “A comparison of LMS adaptive cancellers
implemented in the frequency-domain and time domain,” J/EEE Trans., Vol.
ASSP-29, pp. 770-775, June, 1981.
4. Clark, G.A., Mitra, S.K. and Parker, S.R., “Block implementation of adaptive
Z 2 2 W M+2 digital filters,” JEEE Trans., Vol. ASSP-29, pp. 744-752, June, 1981.
+2 2 {1 — nuoly + X)) 5. Morgul, A., Grant, PM. and Cowan, C.N., “Wide-band hybrid analog/digital
n=1 frequency-domain adaptive filter,” IEEE Trans., Vol. ASSP-32, pp. 762-769,
Aug., 1984.
6. Gersho, A., “Adaptive equalization of highly dispersive channels for data
transmission,” Bell System Technical Journal, Vol. 48, pp. 55-70, Jan., 1969.
— {1 —(p + n+ Duloyy + 012v)}M+2] (A-20) 7. wWidrow, B., McCool, J. and Ball, M., “The complex LMS algorithm,” Proc.
IEEE, Vol. 63, pp. 719-720, April, 1975.
8. Reed, IS, “On a moment theorem for complex Gaussian processes,” IEEE
Trans. on Information Theory, pp. 194-195, April, 1962.
9. Widrow, B., McCool, J. and Ball, M., “The complex LMS algorithm,” Proc.
_ IEEE, Vol. 63, pp. 719-720, April, 1975.
Cu(p, M — 1) 10. Ljung, L., “Recursive identification methods for off-line identification prob-
lems,” 6th IFAC Symposium on Identification and System Parameter
} Estimation, 1982.

Writing i, = mwos,’ + o), and simplifying, we have

11.  Ljung, L. and Soderstorm, T., Theory and practice of recursive identification, MIT
Press, Cambridge, 1983.
12. Young, P.C., “Some observations on instrumental variable methods of time series
analysis,” International Journal of Control, Vol. 23, 1976, pp. 593-612.
M+2 13. Mansour, D. and Gray, A.H., “Unconstrainted frequency-domain adaptive
[{l = (1 —2(p + D) } filter,” IEEE Trans. on Acoustics, Speech, and Signal Processing, Vol. ASSP-30,
No. 5, Oct. 1982.
» 14. Ogue, J.C,, Saito, T. and Hashiko, Y., “A fast convergence frequency-domain
. adaptive filter,” IEEE Trans. on Acoustics, Speech, and Signal Processing, Vol.
+2 2 {1 — g}t ASSP-31, No, 5, Oct. 1983, g
n=1 15, Narayan, S.S,, Peterson, A.M. and Narasimha, M.J.,, “Transform domain LMS
algorithm,” IEEE Trans. on Acoustics, Speech, and Signal Processing, Vol.
~ \M+2 ASSP-31, No. 3, June, 1983.
{1 (p + n+ D} ] (A21) 16. Ferrara, E.R., “Frequency domain adaptive filtering,” Chapter 6, Adaptive Filter,
. L . Edited by C.F.N. Cowan and P.M. Grant, Prentice-Hall Inc., Englewood Cliffs,
By using a similar approach, we obtain New Jersey, 1985.

1

() I‘:I

x 2 T lag> 0%
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